The aim of Air Traffic Flow Management (ATFM) is to enhance the capacity of the airspace while satisfying Air Traffic Control constraints and airlines requests to optimize their operating costs. This paper presents a design of a new route network that tries to optimize these criteria. The basic idea is to consider direct routes only and to vertically separate intersecting flows of aircrafts by allocating distinct flight levels. This problem is a graph coloring problem that we tackle using Constraint Programming and a greedy algorithm to find cliques of the constraint graph which are used to post global constraints. Through the search for optimal solutions minimizing the number of distinct flight levels allocated, symmetries among equivalent flight levels are dynamically broken, and the variable ordering is guided by the cliques found in the first static step. With an implementation using FaCiLe, our Functional Constraint Library, optimality is achieved for all flow sizes except the smallest one, while the corresponding number of flight levels could fit in the current airspace structure. However, many other constraints should be added to this very simplified model to obtain an operational route network, such that the conclusion is rather the validation of the concept of vertical separation of large flows. This graph coloring technique has also been tested on various benchmarks, featuring good results on real-life instances, which systematically appear to contain large cliques.
Introduction
Airspace congestion is today the most critical issue European Air Traffic Flow Management (ATFM) has to face. French en-route Air Traffic Control (ATC) centers capacities are far exceeded by a constant growth in air traffic demand, resulting in ever increasing flight delays 1 . These time and management costs are such a nuisance for all airlines and passengers that the European Commission has released a special statement [13] acknowledging that current ATFM systems are unable to support high traffic loads and unscalable for the predicted growth. Several measures have been taken at national and European scale to enhance ATFM, among which is the design of a new route network.
The current French (and European) route network has been chronologically designed by small local additions and modifications over time to meet users demand and ATC regulation requirements (and some other constraints like avoiding military areas accordingly to a given schedule). Obviously, such a process does not lead to an efficient solution and underestimates the global capacity of the French airspace, as well as generates excessive deviations from optimal (direct) routes.
Several research studies have been and are currently being run at Eurocontrol [16, 17] and CENA (French Civil Aviation Research Center) [18] to overcome this issue. This work addresses the feasibility of the following "ideal" approach: only consider direct routes (straight line between origin and destination) for flows of more than a given number of aircrafts 2 , and separate intersecting ones vertically to avoid conflicts (and thus their resolution by ATC). This scheme does not take any additional operational side constraints into account, such that the model used leads to a graph coloring problem.
The graph coloring problem is a well-studied NP-hard problem and an active research topic with many practical applications (see [23] for examples). As it is a difficult problem, especially for large random graphs with poor structure, heuristic techniques are widespread among the best approaches, like greedy algorithms [5, 15] or local search [12, 19, 11] . However, for real-life problems complete enumeration algorithm can be very efficient [8] by taking advantage of the structure of the graph, like a large clique which provides a lower bound and is trivially colored. Constraint Programming (CP) fits well to implement such exact algorithm as reported in [24] , as vertices are simply mapped to variables and edges to disequality constraints; furthermore, branch and bound is provided within all CP systems and the versatility of search goals eases the design of search heuristic. Last but not least, additional constraints can be quickly added to the model thanks to the high level of abstraction of CP.
The main idea of our coloring algorithm is based on the search of large cliques by a greedy algorithm, during a first stage, to provide a lower bound and feed global "all different" constraints within a CP framework. Then, disequality constraints are posted among the remaining flows and an optimal solution is searched with a standard branch and bound algorithm. Through the search, the symmetry between allocated colors is removed by cutting the choice-point associated with the instantiation of a flow to an unused color, and the set of cliques found by the greedy algorithm can also be used to guide the search.
The combination of these techniques allows to obtain optimality proof for all the instances tried but the largest one within short computation time, and the optimal number of distinct allocated flight levels for flows of relevant sizes could fit within the upper airspace. Our algorithm is efficient on real-life benchmarks [23] as well, and compares well on our problem with DSATUR [5] , a standard greedy coloring method. The description of the flight level allocation problem and its modeling with flows of minimal given size using Constraint Programming is presented in section 2. Section 3 then details the use of a greedy algorithm to find cliques in order to improve the efficiency of propagation during the search. The strategy used to obtain the results presented in section 5 is exposed in preceding section 4, as well as the dynamic symmetry breaking goal that helps to cut large parts of the search tree during optimization. We discuss the relevance of our approach with respect to related work in section 6, which ends with the benchmark. Conclusion and future work are featured in last section.
2 Problem Description and Modeling The design of the routes in the French and European airspace has been an incremental process determined by air traffic demand and the evolution of ATC ground facilities, aircraft equipment and flight procedures. The regulation of flights to ensure separation between aircrafts (usually 4-8 NM 3 horizontally and 1000-2000 ft vertically) is handled by Air Traffic Control Centers, which are divided in numerous sectors. The shape of these sectors allows controllers to manage the complexity of the traffic and solve the conflicts that may occur around the route network crosspoints. This Air Traffic Management scheme obviously is not very flexible whereas airlines aim at deviating as little as possible from the direct route joining origin and destination to optimize their operation costs.
An ideal network, i.e. direct routes for each flight, would be too complex to manage for (human) controllers if the aircrafts were not vertically separated: conflicts occurring in the horizontal plan would form a very tight web, as shown in figure 1 where the width of each route is proportional to the number of flights that takes it. The main idea is therefore to allocate different flight levels to (horizontally) intersecting routes in order to avoid conflicts. With this scheme, flights sharing the same origin and destination would sequentially take the same direct route at a given flight level, distinct from all other intersecting routes, and only aircrafts whose flight time windows overlap are taken into account for a potential vertical separation.
Our model implements this strategy through the notion of flows: flights with the same origin/destination pair are gathered in one flow of size equal to the number of aircrafts involved, and its start and end dates are computed with respect to its earliest and latest flights. For a given day, the flows are precomputed such that the input data of the model are:
• F: the set of flows of cardinality |F| = n;
• r i : the route of flow i;
• n i : the size of flow i;
• t i : the time window of flow i; the decision variables are the flight levels of the flows:
Their initial domain is [1. .n]. Finally, the cost to minimize is the number of distinct flight levels c = card (F) with initial domain [0.
.n]. However, to control the size of the problem, the set of flows is filtered according to parameter n min to consider only the flows of more than n min flights. Actually, the traffic is usually divided in two main categories: daily commercial flights which correspond to most of the big flows and which request a high flight level, and private IFR 4 flights which are responsible for the flows of small size and which can only reach low flight levels, such that they hardly interfere with the first category. To take into account this operational behavior, it may be relevant to solve the problem only for flows of more than 5 -10 flights, assuming that smaller flows will fly below the lowest flight level granted to the main flows.
The constraint model is straightforward: disequality constraints are posted between the levels of intersecting flows whose time windows overlap.
The objective simply is to minimize the number of distinct allocated levels, such that this model is equivalent to a graph coloring problem. Figure 2 shows a route network and its corresponding graph obtained by a mapping from routes and intersections to nodes and edges.
Searching for Cliques
The preceding constraint model only posts local disequality constraints between two flows. However, complete sub-graphs, i.e. cliques, of the induced constraint graph may occur, which can be used to post global "all different" constraints and yield more domain reductions during the search. Though the search for the maximum clique (the largest one) or all maximal cliques 5 of a graph is well known to be NP-hard, greedy or approximation algorithms can be used to provide a subset of them, assuming that the heuristic will be efficient for the particular structure of the graph.
We use a very simple greedy algorithm, similar to the ones featured in [4] , to build a set of cliques, trying to find the largest ones. From each node of the graph, a clique is incrementally built from candidates belonging to its adjacency list, starting with the node which has the largest intersection between its neighbors and the other candidates. This algorithm has the property to produce only maximal cliques such that no strict subset of a generated clique will be returned; however, identical cliques might be discovered through different initial nodes. The set of found cliques is then filtered to obtain distinct cliques only, of size (number of nodes) strictly greater than 2 -cliques of size 2 are already handled with disequality constraints.
The theoretic worst case complexity can only be estimated very roughly to an expensive O(n 5 ), assuming that the number of edges quadratically grows with the number of nodes, which is a fair estimation for our problem, except for the biggest instances for which the growth becomes linear because only flows with very small time windows are added. Fortunately, a careful look to the algorithm reveals that such a worst case is very unlikely to occur for a connex intersection graph -the number of candidates to augment a clique dramatically falls as the clique grows.
For our graph instances, this static step seems to be efficient. Figure 3 shows the time to compute the cliques as a function of the number of nodes, each point corresponding to a value of n min (the minimum number of flights in a flow, see section 2) ranging over [1..20] : the points correspond to a O(n 4 ) complexity, as expected according to the growth of the number of edges.
Furthermore, a high percentage (between 50% and 90%) of the starting nodes generates valid cliques, especially when n grows as shown on the left side of figure 4 where the ratio between the number of cliques and n is plotted as a function of n, for all found cliques (upper curve) and for distinct cliques (lower curve). Note that only a small number of cliques are redundant. For each distinct clique returned by the greedy algorithm, an "all different" constraint is posted, using a bin-matching algorithm with the built-in FaCiLe implementation. This global filtering provides more powerful reductions than the equivalent set of disequality constraints. Of course, disequalities on variables already involved in a clique are no longer posted to avoid useless time-costly redundancy. Moreover, the size of the largest clique is used as a lower bound for the cost variable. Right side of figure 4 features the size of the largest clique as a function of the number of nodes: cliques of significant size are found as this lower bound seems to be close from the optimal solution for the instances solved (see sections 5 and 6).
Search Strategy
The search strategy that seems to be the most efficient of the ones we tried on the route network problem is guided by the cliques found during the first static step (see section 3). The basic idea is that large cliques correspond to the most constrained part of the flow network and that early instantiation of their variables can produce efficient domain reductions, making advantage of the global "all different" constraints.
The results featured in the next section 5 are obtained by a standard depth first search combined with a branch and bound to minimize the number of flight levels. Cliques are chosen by decreasing size, then all the uninstantiated variables that belong to a given clique are selected with a standard minimum domain size ordering, which is robust enough for most of the problem sizes.
During the search, the permutation symmetry between the n distinct initial colors (i.e. flight levels) that the flows may take is dynamically broken. The set of already allocated colors is maintained each time a flow becomes instantiated (by a choice or by propagation), so when branching on the instantiation of a flow, if there is no already chosen color still in its domain, the flow is deterministically instantiated to the smallest possible value, such that whenever a new color must be taken, no choice-point is created because all the remaining free colors are equivalent. But if the intersection between the chosen colors and the domain of the flow is not empty, we try first to branch on the smallest common values, such that a new color is allocated if there is no more choice only. This instantiation goal ensures that all part of the tree leading to symmetric solutions with respect to colors permutation will be cut -for a given variable ordering, flows are instantiated to the minimum possible value. This symmetry breaking allows to find optimality proof for most of the sizes of the problem (see next section 5).
Results
The implementation of the search for cliques and the constraint program has been made in Objective Caml (caml.inria.fr) with FaCiLe [2] , our open source constraint library (www.recherche.enac.fr/opti/facile). The results presented in this section were obtained with all the techniques described in the previous sections:
• Greedy algorithm to find distinct cliques of size strictly greater than two flows The optimal number of flight levels is plotted in figure 5 (upper curve) as a function of the number of flows, and dots are the corresponding n min . Solving the problem for flows of more 5 flights (less than 352 flows) requires no more than 12 flight levels. So with a vertical separation of 1000 ft, the flows involved could fit in the upper airspace roughly ranging between 20000 ft and 40000 ft. On the same figure, the lower curve shows that the size of the biggest clique found is a good lower bound for the problem.
CPU time for the proof of optimality (left) and required number of backtracks (right) are shown in figure 6 . However, for n min = 2 (912 flows, 68759 intersections) the optimal solution could only be obtained by further constraining the cost variable to its optimal value 18 (with largest clique of size 16). Note that this problem size does not appear on the backtracks graph (252 backtracks). Furthermore, the proof of optimality for n min = 6 could only be obtained by using the Brélaz heuristic within the labelling by cliques.
Related Work
The two following sections compare our algorithm to previous works on route network design for Air Traffic Management and on graph coloring. The third one presents the results obtained on standard graph coloring benchmarks, followed by the performance of DSATUR on our route network problem.
Route Network Design for ATFM
The need to increase European airspace capacity has led to various approaches regarding the design of a new route network. The Eurocontrol project TOSCA [17] considers the possibility of such a direct route network but assesses its intractability for current ATC because the model does not include vertical separation of the flows. It rather focuses on ATFM tools as well as ATC devices (ground and on board) and procedures to add flexibility and capacity within the current network. Yet such measures appear to have poor capacity growth potential as they stick too much to the current "over-constrained" system. An alternative work presented in [18] tries to simultaneously minimize the ATC complexity within dense areas and the length of the routes: a Voronoï diagram is built around dense crossing points and a complexity indicator of these points is devised to model ATC; local moves are then performed on this structure to optimize the network. Our approach is quite different, as we get rid of the ATC modeling by ensuring separation with distinct flight levels. However, it is far from existing ATFM procedures and its operational integration would require a lot of additional features (see section 7). A very different concept that tries to address the same issues is "free flight" which allows aircrafts to freely choose their route and dynamically solves conflicts with various algorithms. [1] introduces a free flight distributed algorithm which uses priority tokens to order the conflicts and solve each one with an A * algorithm with simple manoeuvres. This algorithm seems to be very efficient for the upper airspace, but again is very different from our work, as it only focuses on automated distributed ATC, which is also quite far from the current operational system. The approach of [16] is certainly the most similar to ours. This work includes a technique to recognize sub-networks for which the associated graph is a permutation graph. These graphs admit a polynomial algorithm to compute the maximum clique. Cliques are then used to guide a not-complete coloration algorithm. The proposed algorithms are integrated in an interactive graphic tool for designing a new European air traffic network.
Graph Coloring
As our very simple model leads to a pure graph coloring problem, a well-studied and active research topic, our algorithm can be compared with previous standard approaches. Because the graph coloring problem is NP-hard, most of them are heuristic methods like greedy algorithms (DSATUR [5] , RLF [15] ), local search (tabu [12] , simulated annealing [19] , genetic algorithm [11] ), possibly featuring a certain amount of enumeration. Most techniques generate the coloring either by sequentially assigning a color to all the vertices, or by partitioning the vertices into independent sets mapped to color classes. Some of them also search for a clique to provide a lower bound, initiate the coloring. Loosely related with our search strategy using cliques, [9] mentions the use of cliques as a tie breaker to order the variables within DSATUR, but without success. Note that finding a maximum independent set or clique is NP-hard as well, such that most techniques used for these tasks are greedy.
These algorithms and refined/hybrid versions (e.g. [10] presents a "genetic tabu search" initialized with DSATUR) are successful at finding "good" solutions for large random graphs such as the DIMACS challenge 6 instances, for which enumeration may have a prohibitive cost. However, complete algorithms relying on enumeration and backtracking techniques have been devised as well to provide optimality or failure proof (e.g. yielding lower bounds), like the early works featured in [7] and [6] and their refined se-quels (e.g. [5, 20] ). More recently, [8] proposes a complete algorithm which first efficiently finds a maximum clique, then uses an exact sequential coloring. The author notices that every real-life instances he could find are 1-perfect graphs, i.e. their chromatic numbers is equal to the size of their maximum cliques, such that the search is always bounded by the discovery of a coloring of the same cardinality. Although our problems seem to exhibit the same property 7 , our technique rather takes advantages of the numerous cliques found by the greedy algorithm, the largest one being suboptimal (at least on the route network problems). For such application problems, [8] reports excellent results. However, graphs which are not 1-perfect heavily impedes the search, and finding a maximum clique is exponential in the worst case.
Constraint Programming has already been used as well to color graphs of "reasonable" size which are implicitly represented, mapping nodes on variables and edges on disequality constraints. Actually, CSPs are often considered as constraints graphs, possibly with hyper-arcs to model global constraints, and the most popular variable ordering strategies were inspired by heuristics developed for "pure" coloring problems, e.g. see [22] about the Brélaz heuristic [5] . The search is then generally handled by a branch and bound to obtain optimality or failure proof. [24] presents this framework with an ordering strategy similar to the Brélaz's one and the same kind of symmetry breaking among colors than the one we use. However, this early approach did not use cliques or global constraints to speed up the search. Unlike previously mentioned ad hoc techniques, the Constraint Programming paradigm provides a high level of abstraction which allows to easily refine the model by adding other various constraints, a highly suitable feature for our application (see 7). One of its important limitations is the computational cost of standard backtracking search on large instances. Various attempts can be found to overcome this issue like the Incomplete Dynamic Backtracking presented in [21] with good results on the DIMACS challenge, but at the cost of loosing completeness.
Benchmarks

Graph Coloring Benchmarks
We have compared the performance of our algorithm with various benchmark problems found in Michael Trick's web site [23] . Results gathered in tables 3 and 2 feature the problem name, the chromatic number (if known), the number of backtracks needed to obtain the best solution found and the corresponding CPU time, the number of backtracks needed to reach optimality proof and the corresponding CPU time, and the size of the largest clique found by our greedy algorithm. The search times (excluding data reading and the static greedy search for cliques) are obtained on a PIII 700 MHz running Linux 2.4.5. Our hardware is rated in table 4 with the standard DIMACS machine benchmarks, running the dfmax 8 program written by David Johnson and David Applegate (complete search of the maximum clique).
Unlike for the route network problems, various heuristics including the Brélaz's one and dom/deg (cf. [3] ), often combined with the cliques-driven strategy (described in section 4) have been tried, as the latter did not provide good results on some instances. Table 3 reports the results on real-life instances from industrial (register allocation, class scheduling) or academic ("books" graphs, geometric graphs from real maps...) applications: optimality proofs are quickly obtained except on the queen problems 9 on which only lower bounds (indicated by LB in the chromatic number column) and upper bounds have been found above size 8. However, the results reported by Coudert in [8] and Kirovski and Potkonjak in [14] suggest that these problems are very difficult. Coudert does not even consider them as "real-life" problems (but as random ones: not all instances are 1-perfect graphs) or does not mention results above size 9, which takes more than 561.10 6 backtracks and five hours to complete (whereas other real-life problems only take a couple of seconds).
These results are obtained with the full algorithm, but we tried to separately observe the effects of the global "all different" constraints and of the cliques-driven labelling which are supposed to be complementary as their combination should allow earlier pruning by selecting variables involved in the biggest global constraints. Surprisingly, for a few instances, optimality could only be achieved by the cliques-driven heuristic in the absence of the global constraints, therefore emphasizing the interest of finding large cliques.
But our algorithm less efficiently behaves on random graphs which often have a low maximum clique cardinality (not 1-perfect) or many sub-optimal colorings. The size of the problem impedes the search as well, because standard backtracking search does not scale well (especially on problems with poor structures).
DSATUR on the Route Network Problem
We eventually report in table 1 the performance of a version of DSATUR, a standard greedy coloring algorithm, implemented by Joseph Culberson 10 . For each flow size are presented the corresponding number of vertices (or variables) and edges, and the size of the best coloring found by DSATUR and by our algorithm. We show the result of the best heuristic available for each problem sizes, and all the computation times fall below one tenth of a second on the same system than the one used for the benchmarks. However, DSATUR cannot provide optimality proof and finds larger colorings than our algorithm on large instances (in bold in table 1), but the version used was poorly tuned compared to our algorithm. 
Conclusion and Future Work
A simple model to handle the air traffic on a direct route network over France has been presented. This model, unlike most other approaches [17, 18] , statically avoid conflicts and ATC constraints by vertically separating intersecting flows. The resulting optimization problem is an allocation of flight levels to flows (aircrafts sharing the same origin and destination) and its size can be tuned by restricting the minimum size of the flows. This allocation problem is equivalent to a graph coloring minimization problem and this paper presents a combination of techniques to tackle it. First, a greedy algorithm is used to find maximal cliques on which global constraints are posted; the algorithm reveals to be efficient on the structure of our problem: a large number of cliques are found and the size of the biggest one is a good lower bound of the minimum number of flight levels. Then a variable ordering based on the set of cliques returned by the first step is used in a branch & bound to search for the minimal number of flight levels. During this search, the permutation symmetry between the considered equivalent flight levels is broken dynamically by cutting choice points when the instantiation of a flow to a new flight level occurs.
With an implementation in FaCiLe of these techniques, we were able to optimally solve in short computation time most of the sizes of the problem on a typical day of traffic, except for the biggest one. The optimal solutions for flows of "operational" size suggest that the traffic could fit within the upper airspace, separated from the flows of smaller size assumed to fly at lower flight levels and differently handled by ATC. We have also shown that our method behaves well on real-life benchmark instances for which "large" cliques can be found, and finds better solutions than DSATUR on the route network problem. However, this model is over-simplified and only aims at providing a feasibility study. To be more realistic, a lot of additional constraints should be taken into account. For example, the performance of the aircrafts which have a preferred flight level to minimize operation costs, depending mostly on the type of the aircraft and on the length of the route, could be modeled by restricting the the domains of the flows or adding the preferences in the cost. Manoeuvres of the aircrafts in the vertical plane within terminal areas should be addressed to avoid loss of separation with lower flows, for example by dividing each route in several parts. Current flight procedures (use of existing beacons, avoidance of military areas, structure of control sectors, parity of the flight level depending on the heading) should also be considered to allow the integration of a new route network. Furthermore, French and European air traffics are tightly coupled such that the operational implementation of a direct route network should affect at least neighboring countries: the problem should be globally solved but optimality can be unreachable, so alternate local or incremental CP methods may be more efficient.
Further work includes the use of more efficient techniques to find larger cliques, the design of criterion to dynamically select the cliques during search or use them inside standard strategies, the addition of more flexibility to the model by taking into account some of the previously mentioned constraints, and trying to solve it at an European scale. A further considered refinement of the model would be to allow the splitting of flows with non-continuous time window to change their allocated flight level during the day. 
